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Summary 
  
Participants experience 
examples of transformations 
through hands-on activities, 
which include a patty paper 
translation and a rubber 
band dilation. They view 
transformations as functions, 
and observe some of the 
basic properties of isometries 
and dilations.  They link the 
concept of congruency to 
isometry and similarity to 
dilation. 

Goals 
 

 Understand that a 
transformation is a 
mapping of the plane 
onto itself. 

 Identify some basic 
properties of isometries 
and dilations. 

 Link the concept of 
congruency to isometry. 

 Link the concept of 
similarity to dilation. 
 

Participant Pages 
 
PP1:  An Introduction to 

Transformations 
PP2:  About Transformations 
PP3:  Introduction to Isometries 
PP4: Introduction to Dilations 
PP5: Properties of Isometries 

and Dilations  

Reproducibles 
 
Reproduce standards page 
and word bank for 
participants if desired. 
 
 
 

Materials 
 

 Patty paper 

 Small rubber bands 

 Colored pencils 

 11 X 17 sheets of paper 

 internet access (for 
demonstration) 

 

Technology 
 
To further explore the effects of 
transformations go to: 
 
http://www.waldomaths.com/  
Then click on link for “Ages 11-
16” and choose an appropriate 
applet (translations, reflections, 
rotations, enlargements) 
 
http://www.mathopenref.com/ 
Then choose “transformations” 
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MATHEMATICS STANDARDS 

 
8.G.1a 

 
Verify experimentally the properties of rotations, reflections, and translations: Lines are taken to lines, and 
line segments to line segments of the same length. 

 
8.G.1b 

 
Verify experimentally the properties of rotations, reflections, and translations: Angles are taken to angles 
of the same measure. 

 
8.G.1c 

 
Verify experimentally the properties of rotations, reflections, and translations: Parallel lines are taken to 
parallel lines. 

 
8.G.2 

 
Understand that a two-dimensional figure is congruent to another if the second can be obtained from the 
first by a sequence of rotations, reflections, and translations; given two congruent figures, describe a 
sequence that exhibits the congruence between them. 
 

G-CO-2 Represent transformations in the plane using, e.g. transparencies and geometry software; describe 
transformations as functions that take points in the plane as inputs and give other points as outputs. 
Compare transformations that preserve distance and angle to those that do not (e.g., translation vs. 
horizontal stretch). 

G-CO-3 Given a rectangle, parallelogram, trapezoid, or regular polygon, describe the rotations and reflections that 
carry it onto itself. 
 

G-CO-5 Given a geometric figure and a rotation, reflection, or translation, draw the transformed figure using, e.g., 
graph paper, tracing paper, or geometry software.  Specify a sequence of transformations that will carry 
the given figure onto another. 

 
 
 

STANDARDS FOR MATHEMATICAL PRACTICE 
 
Some of the Standards for Mathematical Practice that are applied in this lesson  are: 
 
3 Construct viable arguments and critique the reasoning of others.  
 
 As participants analyze the properties of transformations, they will explain why a property does (or does not) hold 

 for particular examples.  They will make conjectures about fundamental properties for isometries and dilations, and 
support those conjectures with examples.  

 
5 Use appropriate tools strategically. 
 
 Tools that emphasize how transformations work dynamically help students to develop meaning for the concept.  

Tools used here include patty paper, rubber bands, colored pencils, and interactive applets available on the 
internet. 

 
7 Look for and make use of structure. 
 

Through examples, participants will begin to generalize properties of transformations.  They will observe that 
isometries preserve lengths, and that both isometries and dilations preserve collinearity, parallelism, and angle 
measure.   

 
 
 

 
  

COMMON CORE STATE STANDARDS FOR MATHEMATICS  
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WORD BANK 

dilation A dilation with center P and scale factor k  0 is a mapping such that if point 

A is different from P, then the image  A  lies on line PA  and 
 
PA = k PA . 

 
 
 
 

 
 

 
 
 
Note:  If the scale factor k = 1, then the dilation will be an isometry.  If the 
scale factor k < 0, then P will lie between A and  A . Also, if A is the point P, 
then  A = A . 

isometry An isometry is a transformation of the plane that preserves length. 

image An image is the resulting point or set of points under a mapping (function). 

orientation Orientation refers to the arrangement of points relative to one another in a 
figure. If points A, B and C lie on a circle, then we say  ABC  has a 

clockwise orientation if the path on the circle from A through B to C 
traverses the circle in the clockwise direction. Similarly,  ABC  has a 

counterclockwise orientation if the path on the circle from A through B to C 
traverses the circle in the counterclockwise direction. 
 
 
 
 
 
 
 
 
 
 
                                                                    
 
     A reflection changes orientation.              A rotation does not change  
                     orientation. 

 
 BANK (continued) 
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WORD BANK (continued) 

reflection A reflection maps every point P to a point  P  such that: (1) if P is not on 

the axis of reflection then the axis is the perpendicular bisector of  PP  
(the line segment joining P and  P ), and  (2) if P is on the axis of 
reflection, then  P P .  

 
 
 
 
 
 
 

rotation A rotation about a point P through angle  is a transformation such that: 
(1) if point A is different from P, then  PA PA  and the measure of 

 APA ; and (2) if point A is the same as P, then  A A .  

 
 
 
 
 
 

translation A translation of the plane shifts all points on the plane in the same 
direction and in the same distance. That is, given a vector (directed 

segment)v , the image  P  of a point P is the point for which 'PP  is is 

parallel to to v  and PP’ = v . 

 

 

 

 

transformation A transformation of the plane is a one-to-one mapping (function) of the 
plane onto itself. 
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 WARMUP 

Whole Class 

 
 
 SP1 

An Introduction to 
Transformations 

 

 
Materials: 
Patty paper 

 Introduce the goals and standards of the lesson. Discuss important 
vocabulary as relevant.  

 

 Distribute several sheets of patty paper to participants.  Ask participants 
to read directions and perform a slide of the parallelogram using the 
“two-sided transfer technique.” 

 

 Participants compare their diagrams. Discuss both of these possible 
solutions.  The incorrect one may come up with participants or when 
they are teaching their students.   
 

 
 
 
 
 
 
                       Figure 1 (correct)                                    Figure 2 (incorrect) 

 
Which  picture accurately depicts the result of sliding the patty 
paper?  Figure 1. How did you slide the patty paper?  Answers will vary. 

For example, slide patty paper towards the upper right hand corner of the page, or 
slide patty paper to the right and then up.  These processes lead to the same result, 
which we call a “translation”. 
 

How was figure 2 obtained?  Flip patty paper over and then slide it.  

Participants (or students) who draw on the back of the patty paper, but then do not  
turn it over may arrive at a diagram similar to this.  It is worthy of discussion. Although 
it does not fit the task, explanations of how participants arrived at this change of 
position will likely include a “flip” action, which introduces the idea of a “reflection”.  

 

 Ask participants to locate a point P on their patty paper, mark the back 
to prepare for a two-sided transfer, line up the parallelogram, repeat the 
slide, and trace over the point.  

 
What happened to point  P?  It moved with the parallelogram in the same 

direction.  This introduces participants to the notion that a transformation is a function 
that maps all points in the plane to points in the plane, and it offers an opportunity to 
addresses the misconception that we “pick up” the parallelogram and plop it 

somewhere. 
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 INTRODUCE 1 

Whole Class 

 
 
 SP2 

About 
Transformations 

 
 
Materials: 
colored pencils 
 

 Explain to participants that a geometric transformation is a function that 
maps points in the plane to points in the plane.  The slide of the 
parallelogram, which is drawn on patty paper, is one way to demonstrate 
this.  Have participants color and label the original figure and its image 
as indicated.  Identify this kind of transformation as a translation.  
 

 Give participants time to read each statement and discuss it in detail. 
Encourage participants to rephrase statements. These five statements 
are all true for the translation, and represent five fundamental properties 
of transformations that preserve size and shape (isometries).  They will 
be revisited in this lesson. Full understanding of their meaning is 
essential. Encourage participants to take notes, draw additional pictures, 
or try to devise counter examples so that misconceptions are addressed 
and the meaning of each statement is clear.  Space is provided for notes.  

 

Is distance preserved under this transformation (i.e. the translation 
in the warmup)?  What does this mean? Yes. For this translation (and in 

fact, for all isometries) it does not matter what two points are chosen because the 
distance between any two corresponding points on the original figure will be the same 
as the distance between corresponding points on the image.  CAUTION – 
MISCONCEPTION:  In the case of a translation, the distance from a point on the figure 
to its image is the same for all points.  This is because a vector defines the translation.  
But this is NOT the distance that is being referred to in this statement. 
 

Is collinearity preserved under this transformation?   What does 
this mean?  Yes.  In mathematical terms, the importance of this statement is that 

”lines are mapped to lines.” To illustrate for participants, have them choose three 
points that lie on a line in the original figure.  Then have them identify corresponding 
points on the image.  The points on the image will also lie on a line. 
 

Is parallelism preserved under this transformation?  What does 
this mean? Yes, because lines that are parallel in the original figure are mapped to 

images that are parallel lines as well.  In our example, segments are defined to be 
parallel if the lines they lie on are parallel.  CAUTION – MISCONCEPTION:  In the 
case of a translation, vectors (directed line segments) drawn from  points on the 
original figure to their images will be parallel.  This is because the vector defines the 
translation.  But these are not the parallel lines referred to in this statement.  It 
happens to be a property of translations. 
 

Is angle measure preserved under this transformation?  What does 
this mean? The measure of any angle is the same as the measure of the 

corresponding angle in the image. 
 

Is betweenness preserved under this transformation?  What does 
this mean?  Yes.  It means that if B is between A and C on a line, it remains that 

way under the transformation. 
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EXPLORE 1 

Groups 

 
 SP3 

Introduction to 
Isometries 
 

Materials: 
Patty paper 
Colored pencils 

 Define isometry (a transformation that preserves shape and size).   
 

Using the patty paper that has the parallelogram from the warmup, 
what are some ways we might move the plane so that the image of 
this figure preserves its size and shape?  At this point we are not looking 

formally at translations, reflections, or rotations, but participants should begin to 
develop a sense that they can slide, flip or turn the patty paper to create images that 
maintain the shape and size of the original figure.  Encourage them to be as specific as 
possible and devise notations that enhance their explanations.  Some possibilities: 
 

Isometry Possible word descriptions 
Possible informal 

notations 

Translation 
(slide) 

Draw arrow to show distance and 
direction. 
 
Identify some corresponding points. 

                         
                          A’ 
           A 
 
            

Reflection 
(flip) 

Show a dotted line for line of reflection. 
  
Identify some corresponding points. 
 
Show that a segment connecting 
corresponding points is equidistant from 
the line of reflection.  

     
 
     B'                                B 
                                 

Rotation 
(turn) 

Draw clockwise (or counterclockwise) 
arrow to show direction of rotation. 
 
Identify some corresponding points. 

                             C 
                
 
                C’ 
 

 

 Look at figure A.  Ask participants to draw the original figure (shaded) on 
patty paper. 
 
Does this appear to be an isometry?  Yes  How do you know?  
Answers will vary. Participants might rotate the patty paper plane so that two 
corresponding sides are on top of each other and then reflect the plane along the 
corresponding side to show the figures have the same shape and size.  Participants 
might draw a vertical line of reflection equidistant from corresponding points on the two 
figures and fold to show a flip.   
 

 Look at figure B.  Ask participants to draw the original figure (shaded) on 
patty paper.  
 
Does this appear to be an isometry?  No  How do you know?   No 

translations, reflections, or rotations will map the smaller rectangle to the larger one 
because they are not the same size.   

 

 Participants continue to use patty paper to analyze transformations and 
determine how the figure can be transformed to its image. 
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                                                         pencil 
  anchor                    knot 
                                           stretched rubber band 

SUMMARIZE 1 

Whole Class 

 
 SP3 

Introduction to 
Isometries 
 

 

 Ask participants to explain how figures are transformed to their images.  
Encourage multiple explanations. 
 
Which transformations are isometries?  A, C, E.   
 
How did you demonstrate that it is an isometry?  Answers will vary. 

Encourage multiple explanations, demonstrations, and notations for recording, as this 
will help participants prepare to respond to student explanations. Emphasize the use of 
correct mathematical terminology. 

 

INTRODUCE 2 

Whole 
Class/Individuals 

 
 
 SP3 

Introduction to 
Dilations 
 

Materials: 
11 X 17 paper 
Colored pencils 
Small rubber bands  

 
 
 
 

 
 

 Demonstrate how to use rubberbands to create a dilation.  
 
 
 
 
 
 
 
 

 Participants create a dilation and label corresponding points. They find 
ratios of sides and determine the scale factor. 
 

 If desired, distribute additional paper and rubberbands.  Allow 
participants to create other dilation images using this process.  They 
may want to link three or more rubber bands together, which will affect 
scale factor.  Using small rubber bands on a large sheet of paper will 
allow for increased creativity.   

 
 

EXPLORE 2 

Groups 

 
 SP5 

Properties of 
Isometries and 
Dilations 

 Participants reexamine the transformations from the isometry activity to 
determine if any of them are dilations.  Then they analyze the 
transformations to determine which of the key properties of 
transformations are preserved for isometries and dilations.    
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SUMMARIZE 2 

Whole Class 

 
 SP5 

Properties of 
Isometries and 
Dilations 
 

 

 Identify the dilations and discuss. 
 
 Which are dilations?  B and D are dilations with scale factors not equal to 1.  All 

isometries meet criteria of  dilations, and with a scale factor of 1. 

 
 What is the scale factor?  How do you know?  For B, scale factor is 2.  For 

D, the scale factor is 3. The scale factor can be determined by finding the ratio of the 
length of th eimage of a segment and the length of the original segment. 

 
 Where is the center of each dilation?  For B, it is in the center of the 

diagram. For D, it is the vertex of the smallest acute angle. 

 
 How is a dilation different from similarity?  A dilation is a function.  

Similarity is a property of two figures.  They are related because a dilation creates 
similar figures.   

 

 Examine the statements.  Establish properties for dilations and 
isometries.  Be sure participants understand that at this point, they are 
making conjectures based on a small sample of data.  Encourage them 
to look at additional examples, counterexamples, or to reason 
deductively to establish further plausibility for the conjectures. Further 
exploration and study will deepen their knowledge of transformations 
and confirm these properties. 
 
Which properties appear to hold for all isometries?  All of them.  
 
Which properties appear to hold for all dilations?  All but distance.    

 
What can you say about the relationship of isometries to dilations?  

What can you say about the relationship between isometries and 
similarities? 

What can you say about the relationship between dilations and 
similarities? 

 Participants may want to draw a Venn Diagram or concept map to show 
relationships.  

CLOSURE 

Whole Class 

 
 SP1 

An Introduction to 
Transformations 

 

 
Review the goals and the standards of the lesson. Encourage teachers 
to bold emphasized portions of the standards and cross out portions not 
included in the lesson. 

 
 


